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! Abstract. We prove a full large deviations principle in large time, for a 

I diffusion process with random drift Xt = Wt + Jq V (Xg) ds, where ^ is a centered 

J3 ' Gaussian shear flow random field independent of the Brownian W. The large 

deviations principle is established in a "quenched" setting, i.e. is valid almost 
surely in the randomness of V. 
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J3 : 1 Introduction. 

F. , 

>• . In this paper, we investigate large deviations properties for diffusions 

^ ! {Xt, t > 0) with random drift, solving 



Xt = Wt + [ V{Xs)ds, (1) 
Jo 

where is a standard Brownian motion in M^, and is a centered stationary 
solenoidal (i.e. such that div(V) = 0) Gaussian field on M^, independent of 
W. 

Such a process is a model for diffusion in an incompressible turbulent 
flow. As such, it has been discussed thoroughly both in the physics and 
mathematics literature (see for instance []T], ^ H, ^ |^, |^). These papers deal 
with the long time behavior of the process X. More precisely they investigate 
the link between the properties of the random drift V, and the convergence 
in law of Xt when t goes to infinity. 
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The model we are working on in this paper, is a very particular case of 
d^), since V is assumed to be a shear flow, i.e. 

Wx em^ , X = {xuX2) , V{x) = {0,v{xi)) . (2) 

{v{xi),Xi G M) is a centered Gaussian field, with covariance K{xi — x[) = 
{v{xi)v{x[)) . This model has the advantage of being easy to handle, since in 
the shear fiow situation, the two coordinates {Xi^t, ^2,t) of are just 



[ X2,T =W2,T + J^v{W,,s)ds 



(3) 



iFvom the viewpoint of the central limit theorem, this model has been 
studied in |1|, 0], where it is proved that when the covariance function K 
decays sufficiently slowly at infinity, the second coordinate X2,t of X exhibits 
a super- diffusive behavior, i.e. for some parameter a > 1/2 (related to the 
decay of correlation), i^X2^t converges in law when T — > oo. 

In the annealed large deviations of the Gaussian shear flow model (|ip 
(0) are established. The result is the following. Let P denote the annealed 
law, that is the law of X integrated over the randomnesses of V and W. 

_ o 

Then, for all Borel set A of M, with closure A, and interior A- 
- Inf L{x) <liminfr^oo^logP[^X2,Te A] 

< limsupr_.^ ^ logP [^X2,T eA]<- Inf L(x) . ^ ^ 

The rate function L is continuous, with compact level sets and has a unique 
zero at the origin. Note that the super- diffusive scaling T'^/^ does not de- 
pend on the decay of correlation, but is intimately linked with the choice of 
Gaussian statistics for the drift V. 

We study here the large deviations of the Gaussian shear flow model in a 
quenched setting, i.e. almost surely in the environment V. Our main result 
states that there exists a convex deterministic rate function d such that a.s. 
in V and for all Borel set A of M, 



Inf 3ix) < liminfr^oo ^ logP 

xGA 

< lim supt^^ log P 



Ty/log(T) 

/ X2 T^A 



< - Inf 3{x) 

x£A 



(5) 

Note that in the scahng T ^y\og{T), the Brownian part W2 does not play any 
role in the large deviations result, and (|^) states a large deviations principle 
for Yr = — / v(B^) ds, where 5 is a Brownian motion independent 

of V. Here again, the super-diffusive scaling does not depend on the decay 
of correlation, but on the choice of the Gaussian law for v. This scaling is 
related to the order of magnitude of a Gaussian fleld on a box of size T. 
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Indeed, with probability of order exp(— i?T) [R large), the Brownian motion 
{Bs,0 < s < T) stays in a ball of radius \/RT, so that in the study of the 
large deviations of Yt, we can restrict ourselves to trajectories confined to 
such balls with R large enough. So the effect of the scaling ^y\og{T) is to 
deal with a bounded integrand v/ A/log(T). 

The large deviations upper bound is obtained using the Gartner-Ellis 
method, i.e. by considering the quenched behavior of the Laplace transform 

Aria) = Eo [exp{aTYT);TRT > T] 

(6) 



En 



exp f a fff ^l"^"^ ds ) : Trt > T 



In expression (^, Eq denotes the expectation with respect to B, assuming 
that Bq = 0, and tut is the first exit time of B from the interval I fit = 
] — RT; RT[. As usual, we are led to look at the a.s limit when T oo, of 
the principal eigenvalue of the random operator Cj{f) = —\f" — Ci--y==^f , 

with Dirichlet conditions on the boundary of Irt, 



x{av/.yh^,B{0,RT)j 

= Inf |i /(/' dx-J -^^p{x)dx : / G 6^(5(0, RT)), (7) 



JP{x)dx = l} 



Following the image popularized by A.S Sznitman in ||TT[, the main con- 
tribution comes from "the regions where the eigenvalue is small". Thus, 

a key argument in the study of A (av/ A/log(T), B{0, RT) j is a lemma bor- 



rowed from B , which asserts that this principal eigenvalue is comparable with 



Miuj X{av/ ^y\og{T), Qi), where Qi are balls of fixed size covering Irt- This 
comparison enables one to show that f-a.s, A{a) = limT^oo(log AT(a))/T 
exists, and is deterministic. The upper bound is thus obtained with a rate 
functional 3 which is the Legendre transform of A. 

On the opposite direction, a first lower bound is obtained using a specific 
strategy for the path of the Brownian motion: we force it to go "fast" to a 
region where the field v has a "high" peak, and to remain there until time 
T. The rate function Ji obtained in this way, has a Legendre transform 
which coincides with S- Thus, if Ji were convex, then Ji = 3- However, 
we could not prove convexity of Ji. We overcome this problem by adopting 
the following strategy. We imagine a sequence of scenarii: the n-th one 
corresponds to partitioning [0, T] into n time intervals, in each of which the 
Brownian motion goes fast to a region where the field v / A/log(T) has a 
fixed deterministic profile, and stays there during this time interval. To each 
scenario corresponds a lower bound of the type 

limliminf ;^logPo [\Yt - Z/| < e] > -Jn(l/) • 

e— »0 T— »oo 2 
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The family of functions !}„ is decreasing, and the hmit ^{y) = hm„_,oo Jn(2/) 
is convex. This enables us to identify J and the upper bound 3- 

The paper is organized as follows. In section we introduce the notations 
and state the main result. In section ^, we prove the large deviations upper 
bound. In section ^, we establish the large deviations lower bound. Finally, 
section ^ investigates the link between the decay of correlation, and the 
behavior of the rate function near the origin. 

As a concluding remark, we would like to say that the paper is written 
for a diffusion in M^, but that with a little more work, all could be written 
in higher dimensions, as soon as the shear flow structure is preserved. 



2 Notations and results. 

In all the sequel, when / is a domain of M, M(/), and Mi(/) will denote re- 
spectively the set of finite measures on /, and the sets of probability measures 
on /. C^(/), C(/), Hq{I) will be respectively the set of infinitely differen- 
tiable functions with compact support in J, the set of continuous functions, 
and the Sobolev space obtained by completion of C^(/) under the norm 
\\f\\Hl,(i) = IiPi^)dx + Jjif'n^)dx. Finally, for all p G [l,oo], ||/||, will 
denote the norm of the function / in 

Let {v{x),x G M) be a centered stationary Gaussian field with values in M, 
defined on a probability space (X, 9, i^)- Brackets will denote the expectation 
with respect to so that the covariance function of v is defined by K{x — 
y) 4< v{x)v{y) >. 

Let [Bt] t G [0, 1]) be a standard Brownian motion defined on a probability 
space {fl,A,P). Expectation with respect to P is denoted by E. 

Our main result is a full large deviations principle for the random variable 

Before stating the result, we introduce some assumptions and recall some 
standard results about the Gaussian field v. 

2.1 The Gaussian field. 

We assume that v has a spectral density h such that for some a > 0, 

/"(l + |A|")/i(A)rfA< +00. (8) 

Then, the covariance K{x) = Jj^ e''^^ h{X) dX is a continuous function on M, 
which attains its maximal value at 0. Moreover, K{x) —* when |x| — oo, 
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and K is Holder continuous of order a, so that v has a version which is (3- 
Holder continuous for < (3 < ^. Moreover, as it is well known for Gaussian 
fields, 

MeiX {\v(x)\ : X e \-L,L]} ^ 
i/-a.s., limsup ^' / ^' ^ ' < 1. (9) 

We present now a splitting of v into the sum of two Gaussian stationary 
processes, one of which having finite correlation length. This splitting is 
constructed in 0, and goes as follows. 

Let g be the L^-Fourier transform of We can assume that v{x) = 
J^g{x — y)dZ{y), where Z is a Brownian motion on M. Let : M i— >■ 
[0,1] be a smooth even function, such that ip = outside ] — 1/2; l/2[, 
and ip = 1 on [-1/4; 1/4]. Let iPl{x) ^ V(f), 9^^) = ipL{x)g{x), and 
giix) = g{x) — This splitting of g yields a corresponding splitting of 

V = vl + vl, where 

'^l{x) = j giix - y) dZ{y) , vl{x) = j giix - y) dZ{y) . (10) 

VI and vl are clearly stationary Gaussian processes. The support of Kl{x) = 
{vl{x)vl{0)) = gL 9l{x) (where -k denotes the convolution operator), is 
included in [—L; L]. 

Note also that ^^(0) = ({;l(0){;l(0)) = /(I - ^pLix)fg^{x) dx tends to 
when L goes to infinity. 

Moreover, if / denotes the inverse Fourier transform of /, 

jmgMl'dX 

= J\X\"\i^L*Vh\^dX 

= Jd\id\2iiL{\i)^L{X2) J rfA|Arv^(A- Ai)v^(A- A2) 

But 

/ dX I A|"v^(A - Ai) v^(A - A2) < U^=l,2 (/ I Ar/i(A - A,)) 

<cn-=i,2(iA.r + /rfA|ArMA)) 

so that 

j \XngY{X)\^dX<C (^j dX{l + \Xry/^\M^)\^ <oo, 

since ipi decreases faster than any polynomial at infinity. Thus, vl has a 
Holder continuous version, and so does vl. 

2.2 The large deviations principle. 

Let us now define the rate function S appearing in the large deviations prin- 
ciple. When / is a function of the Sobolev space H^(R), K -k p is the 



1/2 



5 



continuous function obtained by convolution of the covariance kernel K and 
so that 



{K^f,f)= / K{x-y)f{x)f{y)dxdy= / \P{X)\'h{X) dX . 
Jr"^ Jr 

For any a G M, let 

A{a) ^ Sup v/2(Z77^7^- ^ \\ft ■ f ^ H\R), \\f\\, = l| , (11) 
and for any y G M 

3{y) = Snp{ay- A{a) : a eR} . (12) 
We are now able to state the main result of the paper. 
Theorem 1 Assume (Qj. Then, v-a.s, for any measurable subset E ofW, 

lim sup ^ log Po [Yt eE]<- inf 3iy) , (13) 

T^oo J y&E 
liminf ilogPo [Yt ^ E] > - inf 3{y) • (14) 

T->00 I 

3 is even, convex, and lower semicontinuous. 3{y) < oo for \y\ < ^2K{0), 
and 3{y) = +00 for \y\ > a/2K(0). Moreover, 3{0) = 0, and 3 is increasing 



on 



R+. 



As a corollary of the large deviations for Y, we obtain the large deviations 
for X2 with the same rate function. 

Corollary 2 Assume Then, the estimates ( |7^ j and ( [T^ j hold when 

X2,T/{T^\og{T)) replaces Yt- 

We provide some more informations on 3-, relating the decay of correlation 
of the field f , and the behavior near the origin of 3- 

Proposition 3 . 

1. Assume that for some (3 g]0, 1[, limsup |a;|'^|-ft'(x)| < 00, then 

\x\—^co 

lim inf -^^^ > 0. 

Assume that K >{) and lim inf \x\^K{x) > (for some (3 g]0, or 

>oo 

that lim \x\^K{x) > 0, then 

hm sup . . , < 00 . 
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2. Assume that for some P > 1, \imsnp\xf\K{x)\ < oo, and J K{x)dx ^ 

\x\—*CX) 

0. Then, lim^^^ exists in 10, +oo[ . 



3 Proof of the upper bound. 

The aim of this section is to prove (p!3D, and the same estimate for X2,t- We 
begin with the proof of the properties of 3 stated in theorem |l]. 

3.1 Proof of the properties of S- 

3 is convex and Ls.c as the supremum of affine functions. 3 is even because 
A is even. We restrict therefore the study of 3 to M+. For y G M"^, 

Sup {ay — A (a)) = Sup {—ay — A (a)) < Sup {ay — A{a)) , 

a<0 a>0 a>0 

so that G 3{y) = Sup {ay — A{a), a > 0}. The monotony of 3 is thus 
obvious. 

Let us prove now that 3{y) < oo for \y\ < y^2K{0), and 3{y) = +oo for 
\y\ > ^/2K{0). For this purpose, note that 

Sup {{K^f, n-.fe H\R), WfW, = 1} = K{0) . (15) 

Indeed, on one hand, V/ G H\R) such that H/H, = 1, {K^p,f) < K{0). 
On the other hand, let /o be any function in H^{M), such that H/oH, = 1) 
and let A > 0. fo,x{x) = \/Xfo{\x) is then a function in if'^(M), such that 
II/caIIs = 1- Therefore, 

Sup {{K ^ p, p):fe H\R), 11/11, = 1} >{K* p^,, /^J 

= lK{^-^)P{x)p{y)dxdy, 

and ([I5D follows by letting A — * oo, and dominated convergence. Thus, 
A(a) < \a\^/2K{0), and > >/2KiO), 

3{y) > Sup {a{y - y^2K{0))} = +oo . 

a>0 I- J 

On the other side, for < ?/ < >/2K{&), (|15D allows one to find fy in 
H^{R) such that \\fy\\^ = l,aiidy< ^2{Ki.f^J^). We get then that 

3{y)< Sup !^ay - a^2{K ^ f^) + \ ||/;||^} = \ ||/;||^ < +oo . 

Let us now compute 3(0). Since A is even and increasing on M+, 
a(0) = - Inf {A(a); a G M} = -A(0) = . 



7 



3.2 Large deviations upper bound for X 



2,T- 



We are going to prove that (0) implies the same estimate for X2. Let us then 
assume that ([13|) holds. Let 5 > 0, and lei = {y : 3x & F,\x — y\ < 5}. 



Po 



2,T 



< Po [Yt e F'] + Po 



2,T 



> 6 



But limr^oo 7; log Po 



z/-a.s., for all closed subset F, and al 



> 6 



-00. Therefore, (|T3|) yields that 



5 > 0, 



lim sup ^ log Po 



2,T 



G F 



< - Inf a(2/) . 



The result follows from the goodness of the rate function 0, letting 6 go to 0. 



3.3 Large deviations upper bound for Yt. 

We prove now (|l^) in theorem |l]. 

Step 1. Restriction of the problem in a domain of size T. 

For P > 0, let Irt be the interval ] — RT; +RT[, and let trt be the first time 
Brownian B exits Irt- 

Lemma 4 v-.a.s, for all measurable set F and all R> 0, 

lim supr_oo T log ^0 [Yt G P] 

< Max |limsupy_^ i logPo [Yt G P; trt > T] , -f } . ^^^^ 



Proof. 



Po(Ft G P) < Po [Ft G P; t^t > P] + Po 



Sup|P,| > RT 

[0,T] 



(17) 



The well known estimate limsupj^^j^ |;logPo [Supjg^T] l-^sl — P'P] 
yields the result. 



< - 



R2 



Step 2. Spectral estimates of Schrodinger semigroups. 

To prove the upper bound, we use the Gartner-Ellis method, and we have to 
study the large time asymptotic of 



av 



En 



exp 




ds] ; trt > T 



(18) 
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It is well known that this reduces to study the principal eigenvalue of the 
random operator £(f) = hf" + a f, with Dirichlet conditions on the 

boundary of Irt- 

In all the sequel, when D is a bounded domain of M, and V : D K. 
is a bounded measurable function, we will write X{V, D) for the principal 
eigenvalue of the operator 1/2 A + V, with Dirichlet boundary condition on 
D. 

XiV, D) 4 ■mi^^-ju'f{x) dx-j^ V{x)f{x) dx : f e P), \\fh = l} 

Since any sequence (/„) which is bounded in Hq{D) has a subsequence which 
converges strongly in L'^{D) and weakly in Hq{D), one also has 

X{V, D) = Min |1 dx~l^ V{x)f{x) dx : f e H',{D), \\f\\, = 1^ 



In these notations, the task at hand is to study the behavior for large T 
of X{av/ ^yiogiT), Ifix)- To this end, we recall proposition 1 of 0, which 
compares this eigenvalue, with the minimum of the principal eigenvalues in 
balls of fixed size. 

Lemma 5 (Proposition 1 of j^). 

Vr > 2, there exists a continuous 2r -periodic function '■ ^ , with 
support included in Ufcgz((2fc + l)r+] — 1; 1[), such that for all R> r, for all 
Holder continuous V : M. \—>- M., for all 6 G 

X{V - <^',., In) > Min {X{V, z + J2.+1) : z G (2rZ) n /^+,} , (19) 

where ^l{x) = <l>r(x - 9). 

Moreover, jj-j Jj (^r{x) dx < where the constant K is independent ofr. 



We deduce from this the following lemma. 

Lemma 6 There exists a constant K such that u-a.s., for all r > 2, Va G M, 
Vi? > 

hm sup — log At i — , , Irt 

< liminf Min <^ A , z + hr+i \ : z e (2rZ) n Irt^ 
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Proof. We use the same trick as in and [0]. Let be the func- 
tion introduced in lemma ||. By periodicity of ij-j- // ^r{0 + Bg) dO = 
■jj-j Jj $,.(6') d9 < By Jensen inequahty, we obtain then that 

I CUV ^ \ ( KT\ I f ,^ , I OLV ^„ ^ 
At ^===, //?T < exp — / de kT\ -^=== - Irt 



We use then the usual bounds on Schrodinger semigroups in terms of their 
principal eigenvalue (see for instance theorem 1.2 in chapter 3 of [p!T| ). 



<Ce^{l + jT sup X{-^-HJnr) exp -T inf A(^-.?,/..) 



< 06^^(1 + VTm.\\i + 



exp ( -TMin <! A ( -^g^, z + /2.+1 ) : z G 2rZ n 



The conclusion follows from (P) and (|T9]). 



Step 3. u-a.s. behavior of Min < A 



z + hr+i ] ■■ z e 2rZ n Irt+t 



This is done via a Borel-Cantelli argument. Using the stationarity of f , note 
that the random variables |a {av/ ^J\og{T)^ z + /2r+ij , z G 2rZ fl Irt+t^ 
have the same law. The next lemma gives some estimates for this law. 

Lemma 7 Let c = Min{i / {f'^dx : / G H^{h)J P = I}- Let us define 
for all a; G M, and r > 



JJx) 



inf 



■.feH',{Ir), f = l} tfx<j, 



otherwise. 



Then, Vr > 0, Vx G 



(20) 



lim —— 

T^oo log(T) 



log u 



av 



L] <x 



Jr{x) 



a^ 



Proof. Let / be any function in Hl{Ir) such that j p = 1. Then 



(21) 



A 



av 



, I < X 



> V 



{avj')>^\^)i}-\\rt-x) 
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But {av, p) ~ ?^(0, a^{K ^ f, p)), so that 
hm inf - — 7-— 

T^oo log(r) 




Ir < X 



forx>i||/'||^ 



for X < i ll/'l 



2 ■ 



Taking the supremum over all functions / e Ho{Ir) such that 
yields 



liui inf ; — - 

r^oo log(r) 



log u 



X 



av 



,Ir\ < X 



> 



Jr{x) 



(22) 



Wc arc now going to prove the upper bound. To this end, note that A(-, I^) '■ 
G{Ir) — * M is continuous (the topology in 6(1^) being given by the supremum 
norm). Indeed, first A(-, Ir) is u.s.c as infimum of continuous functions. Sec- 
ondly, we prove the lower semicontinuity: let then (v„, n e N) be a sequence 
in G{Ir) converging to v. For all n let /„ realize the infimum in X{vn, Ir)- 
Since X{vn,Ir) < — Min/,. f„, and — t'H^^ — > 0, the sequence (/„) is 
bounded in HQ{Ir), and admits therefore a subsequence converging strongly 
in L'^{Ir) and weakly in H^llr) to a function / G Ill[Ir). One obtains then 
that = lim||/,||, = 1, liminf > \\f\, and lim(^;„ Z^) = (t;,/^), 



so that liminf„^oo A(v„,/r) > \ \\f\\^ - {v,p) > X{v,Ir)- 

Therefore, for all r > 0, x, a G R, F^'"" = {u e 6(7^), X{au, Ir) < x} is a 
closed subset of Q{Ir), and 



A 



av 



,Ir\ <X 



We now use the large deviations in G{Ir) of the Gaussian field v/ ^/\og{T) to 
deduce that 



lim sup 



1 



log(T) 



A 



av 



-1 Ir 



< X 



< - inf {i^;(M) : u e e{Ir),X{au,Ir) < x} , 



where 



Note that 



K*{u) = sup <^ {u, Ijl) — -{K -k fjL, Ijl) : fjL & M{Ir 



(23) 



K*{u) — Sup Sup <m{u,iJ,) —{K-kii^ij) 



ij.eM{ir) me 



m 



— Sup / . ' — r 1 (with the 
neM{ir) {2{K n) } 



convention 



0). 



(24) 
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Hence Va G M, K*{au) = a'^K*{u), and 



lim supy_ 



log(T) 



A 



av 



, / J <x 



< -^inf {k;{u) ■.uee{ir),x{u~ir)<x} 

It remains now to show that 

inf {K;{u) : u E 6(7^), \{u, Q < x} > Jr{x) . 



(25) 



We can restrict ourselves to the case where x < Let u G £(/,.) be such 
that X{u,Ir) < X. Let /„ G -f^o(/r) be such that ||/„||2 = 1 and X{u,Ir) = 

iWfLWl- (u, fl). It follows from (|2|) that K;{u) > 



But 



1 



K/^) = -AKJ,) + ^||/:i|^>-||/;i|^-a;. 
Moreover, a; < ^ < | ||/^||2 by definition of the constant c. Thus, 

Taking the infimum over functions u such that A(m, J^) < x yields then 



Lemma |^ allows one to prove 
Lemma 8 Va G M, and Vr > 2, let 

A(a,r) 4 Sup ^2(7^ ^ /2, /2) - i ||/'||^ : / g i/o'(W), 
r/ien, Va G M, Vi? > anc? Vr > 2, z/-a.s., 



(26) 



lim inf Min { A ! , 



2 + hr+1 \ - zE (2rZ) n iRT+r ) > -A{a, r) . 

(27) 



Proof. We use Borel-Cantelli lemma. We assume that A(a,r) < oo, other- 
wise there is nothing to prove. Let e > be fixed. 



MiniX 



z + hr+i ]:zE (2rZ) n 7^^+, \ < -A(a, r) - e 



26(2rZ)n/flT 



< C(l 



X 



X 



z + hr+i ) < -A(a,r) - e 

by stationarity. 



Wi ) < -A(a, r) - e 
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Thus, by lemma |^ , 



limsup \ logu 



Mill A -^^=, z + hr+i 1 < -A(a, r) - e 



^ ^ _ J2r+i(-A(a,r) - e) 

(28) 



We claim that 

X < -A(q;, r) J2r+i(a;) > ■ (29) 



The only point to note in order to prove (|29|) is that the infimum in (pOD, 
and the supremum in ( [26| ) are actually reached, since again any majorizing 
sequence will be bounded in Hl{l2r+i), and / G L^(J2r+i) ^— > {K -k p,p) is 
continuous. Hence, 



a; < — A(a, r) 



^V/Gi/o'a2.+i),||/L = l,<j (lll/'ll^-a; 



> 0? 



It follows then from (^), (|29|), and Borel-Cantelli lemma applied along 
the sequence T„ = 2", that Va G M, Vr > 2, Vi? > 0, z/-a.s., 

liminf Min <J A I . z + Jsr+i ) : 2; G (2rZ) n /^jT„+r > -A(a, r) 

/log(T„) 



n— >oo 



To end the proof of lemma H, note that for T sufficiently large, and n such 
that Tn<T < T„+i, 



max |q!1)| 



Min <; A ( z + /2.+1 ) : ;2 G (2rZ) n J^T+r 



> Min <^ A , 2 + /2r+i : 2 G (2rZ) n /rt +i+r r , fn. , 

— 1 \ A/log(r„+i) ' ^''+-1 / V J ui„+i+r < log(2)n(n+l) 

The last term is i/-a.s. of order l/n by (^. ■ 

Concerning lemma p, we would like to underline that using the decor- 
relation properties of the field v, and Borel Cantelli inverse lemma, it is 
possible to prove that — A(a,r) is in fact the a.s. limit when T — > 00 of 

Min |a ({av)/^log{T), z + hr+i) : z G (2rZ) n Wr}- 
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At this point, putting lemma ^ and lemma |^ together, we have proved 
that there exists K > such that: Vr > 2, V/2 > 0, Va G M, z/-a.s.. 



1 



av 



lim sup — log At , ^ 



< — + A(a,r) 



Taking the limit r — oo along subsequences, we obtain that u-a.s., V« G Q, 
Vi? G 0+, 



1 



lim sup — log At , , 



< A(«) 



(30) 



Step 4. Conclusion. 

It is now routine to obtain from (|30|) the weak large deviations upper bound 
(i.e. the upper bound for compact sets). (0) follows then from the expo- 
nential tightness of Y (lemma p!0|). 

Lemma 9 (weak large deviations upper bound), 
u-a.s., \fy G R, 

lim lim sup ^ logPo [Yt e [y ~ e,y + e]] < -3{y) • 

Proof. We treat only the case y > By lemma ^, Ve < y, \fa > 0, and 
\/R>0 



hm sup- log Po [Yt e [?/ - e, ?/ + e]] 

^ —R^ 1 

< Max — — , hm sup— log Pq [^t e - e, ?/ + e] ; t/jt > T] 

< Max -a{y - e) + lim sup- log [e°^^^; t^t > T] 



Therefore, t/-a.s., Vy > 0, Ve < y, VP G Q+, 
limsupr_^ ^ log Po [|lr - yl < e] 



< Max 



-P2 



sup [a{y - e) - A(a) : a G Q"*"} 



Note that by continuity of A, the supremum on Q+, is a supremum on M+. 
Thus, (|13D is obtained by taking the limit R —>■ oo, then e — > 0, and by using 
the lower semi-continuity of 3- 



Lemma 10 (exponential tightness), 
u-a.s., VL > ^2K{0), 



1 

lim sup -logPo [\Yt\ > L]< — - . 

T-»oo J Z 
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Proof. Let L > ^/2K{0) be fixed. 

Po [\Yt\ >L]<P, [tlt < T] + Irn..,^^ H ^ < Cexp(-^^) + |„| . 

1 = — ^ -Li /, / = — Li 

B y (^), t /-a.s., the indicator is null for T sufficiently large. Therefore, VL > 
v/2fC(0), z/-a.s., 

1 

limsup -logPo [|>r| > i^] < -— • 

T^oo J- ^ 

Inverting the "VL" and the 'V-a.s", is easily done using the monotony of 
L ^ PoUYtI > L). ■ 



4 Proof of the lower bound. 



Here, we prove ([1^) , from which the same assertion for X2 is easily deduced. 



4.1 a.s. behavior of the field with finite correlation 
length. 

As explained in the introduction, the lower bound is obtained by forcing 
the Brownian motion to spend a certain amount of time in boxes where the 
field v/ ^J\og{T) has a fixed profile. We need therefore to describe the a.s. 
behavior of this random field. This is done in the following lemma, assuming 
that K has compact support. 

Lemma 11 Assume that K has compact support in II for some L > 0. 
Let e > 0, r > L and let u he any function in G{Ir) such that K*{u) < 



1. Then v-a.s., for T sufficiently large, 3z G 2rZ fl L 



Max 

yez+Ir 

Proof. 



- u{y - z) 



T/iog(r) 



such that 



< e. 



V 



G 2rZ n /' 



< V 



T/log{T), 



G 4rZ n I 







> e 



r/iog(T), 



u 



00, z+Ir 

' -z\ 



> e 



oo,z+Ir 
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Since K has compact support in J^, and r > L, the random variables 



' V{z+Ir) 



z G 4rZ n /' 



T/log(T) 



) are independent. Thus, 



T/log(T), 

< n " 

zeArZniT/ log(T) 



v{-) 



> e 



oo,z+Ir 



-u{--z) 



> e 



— u 



> e 



ocjr 



l4r log(T). 



oo,z+Ir 
+1 



Let rj > he such that K*{u) + r/ < 1. Using the large deviations estimates 
of V / ^J\og{T) , we obtain that for T sufficiently large, 



yiogT 

Thus, for T sufficiently large. 



u 



> e 



oo,/r 



\/z G 2rZ n /' 



T/log(T), 



- ui- - z 



> e 



< exp - 2 



T 



1 I T^^*^"^^'"^ 



oo, z+Ir 

' exp 



r rpl-K*(u 

\ 2rlog{'2 



)-») 
(T) 



4r log{T) 

The result follows by Borel-Cantelli lemma applied along the sequence T„ 



n. 



4.2 Lower bounds for 1^, with fixed profiles of the field. 

From lemma 0, we know that the field can be close to u with K*{u) < 1, in 
a region a size r. Thus, for n integer, let 

lt(n,r) = |m G e(/,)";Max/s:;(ui) < l} , 

be the rz-tuples of admissible profiles. A lower bound for Pq[\Yt — y\ < e] 
is obtained by dividing [0, T] into n time intervals of length a^T (0 < < 
1, X]r=i 0^1 = 1)- In each time interval, we force the Brownian motion to go 
"fast" (say in a time of order T / log(T)) from Ii to a region in /T/iog(T), where 
the field v/ \J\og{T) is close to m^, to remain there during a^T — 2T/logT, 
and then to return fast (in time of order T/log(T)) to Ji. 

Before stating the lower bound obtained in this way, we introduce some 
notations. For any integer n, and any r g]0, oo], define 

a)(n,r) ^ I (a,/) G [0, If x H\l,r : a. = 1, V 1 < ^ < n, H/.H^ = 1 



- 1 " 

©(n) 4 2)(n,oo),andfor (a,/) G D(n), 4(5,/) 4 



2 

2 ■ 



16 



Lemma 12 Assume that K has compact support in II- Then, Vr > L, 
Ve >0,yne N, W e U{n, r), u-a.s., Wy E R, 



lim infT^oo ^ log Po[\Yt - y\ < e] 

>- Inf Inf {/n(5,/):Er=i«^(«^,/f) 



(31) 



Proof. We begin with some more notations. 

For < S < T, we will write L'^ for the occupation measure of B between 
S and T, = :jt^ JJ Sb^ ds. 

Let us fix e > 0, n G A^, M G 'U(n, r). Lemma |Tl] associates to (e, u) a full 
z/-measure set A and a vector 2 = (zi, ■ ■ ■ , z„) of points in 2rZ n /r/iog(T), 
such that when f G A, and T is sufficiently large, 



\fi e {!,■■■ ,n} , 



— u, 



< 



(32) 



where Ui{-) = Ui{- - 2;^). 

Now, let us fix (a,/) G ©(n, r) such that XliLi '^i(^«5 /i^) ~ V- 
To = 0,Ti = Y.]=i «i T, and A = T/ log(T). 



+5^a.(l 

n 



t;(^s) 
\/MT) 
2 



(is 



4 = 1 



log(T) 

t;(^.) 

T,-A A/log(T) 

Ij/I 



a/MT) 

\y\ 



'log(T) 



Therefore, for T sufficiently large, 2 igg^y) — t' ^^"^ 
Po[|l^T-y| <e] 



V^G{l,---,n}, |i?i.._J<l; 



1 rT,_i+A 



T 



CM-: 



ds 



< 



6n' 



IB 



Ti_i+A 
•T,-A 



- Zi\<l] T,^+i^ O 6'r,_i+A > Tj - A; 

< I; 



^ -^T.-A ^log(T) 



^ 6n 



But , on {r^^+z,, o 0i'^_,+a > - A}, and for G A, 



'T,-A 



-A' 



< 



+ 



rTi-A 
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The Markov property applied recursively at times Tj_i yields then 



Po[\YT-y\<e]>l[Ui, 



(33) 



where 



Ui = Inf 
kl<i 



1 fA v(Bs) 



/c 



T Jo 



ds 



<i^;\BA-z,\<l; 



1 rOiT v{Bs) 



ds 



Now, it follows from Markov property applied successively at times a^T — A 
and A, that for all i e {1, • • • , n}, 



(34) 



with 



Vi^ Inf 

kl<i 

Wi^ Inf P, 
Inf P, 



1 rA 



Jo 



ds 



<i^;\BA-Zi\<l 



r,,+,, > - 2A; (L^^^-^^, - /f, 



Mi 



< 



1 f-A v{Bs) 



1 

T Jo 



Viog(r) 



ds 



<^;I^a|<i 



Estimates for Wi. By translation invariance 

2T 



W^i = Inf P, 



log(r) ^ 



< 



6 



It follows then from the large deviations for the occupation measure that for 
alH e {1, • • • , n}, 

liminfllogW^,>-f ||/;||^ (35) 

1 — »oo _Z A 



Estimates for Vi and Xi. We are now going to show that 
lim inf — log > , and lim inf — log X^ >0 . 

T—*oo 1 T—*oo 1 



(36) 



Since Vi and X^ are treated in the same way, we give only the proof for V^. 
Let z & Ii. Since \zi\ < T/log{T), we have 



T/log(T) 



^^\<^ =Il 



\y+z-Zi\<l 



exp 



dy 



> 



2T/\og{T)) ^27rT/log(T) 



V2^T/log(T) ^ ^ 2r/log(T) 
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Moreover, 



P. 



1 riog(T) v{Bs) 
T Jo 



tt-i < 



— 6n 
T 

log{T)_ 
T 



log(T) 



< C exp 



(T-l)^log(T) 
2T 



Since 



1 j,og(r)^|£^^^ 



< 



> P. 



B T — Zi 

log(T) 



6n' 
< 1 



log{T) 
- P. 



< 1 



j_ riog(T) v{B,) 1 



— 6n 



we obtain 
K > 



^27rT/log(T) 



exp 2T/iog(T) ) t-^exp 

— Imaxj |u| J 



^ (T-i)J^og(r) ^ 



By (pp, the indicator is null for T sufficiently large, and we get (BB) for Vi. 



Putting together (0), (|34D , (|35|) , (^61), and taking the supremum over 
admissible (c5, /), we have proved that Vr > L, Ve > 0, Vn G N, Vu G 'U(?t,, r), 
i^-a.s., G M, 

liminf logPo - y| < e] > - Inf J /„(«, /) : V] /^) = y I . 

^ (a,/>D(n,r) 1^ ^ J 

This in turn implies easily (pT]). ■ 



4.3 Realizing the supremum over countably many pro- 
files. 

We would like now to take the supremum over functions . Here, 

we have to be a little careful, since the "z/-a.s" appearing in ( pT] ) depends 
on the functions Mi, This problem would be overcome using the 

separability of Q{Ir), if the function K* were continuous. This is not the 
case everywhere. However, assume for a moment that we could take the 
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supremum over admissible functions Ui. We would obtain that t^-a.s., 
liminfT^oo f^logPod^T - y\ < e) 

> - Inf >f \lnia, /) : I E ^ii^i, fi) - y\ < e 

= - Jnf llnidj) ■.3ueU{n,r),\Y,c^iiui,fi)-y\<e\ 

(a,/)eD(n,r) I- J 

= - Inf I In{a, f) : Inf {Max, K;{u,) : | ^ /') - y\ < t} < I 

We are thus led to show that the infimum of Maxji^'*(uj) on the set 
[u G C(/r)" : I Yli c^il^j? fi) ^ 2/1 < ^} can actually be reached on a countable 
subset of e(/,.)". 

Lemma 13 . 

• V/ G Ki.p e e{Ir), and 



K;{K^p) = -{K^f\n 



(37) 



Vn G N, V(«, /) G r), and G M, 
Inf |Maxir;(Mi) : V a^u^, /f) = 



Vi=i 



(38) 

with the convention 0/0 = 0. Moreover, the infimum in ( [^ j zs reached 
for functions {u\, ■ ■ ■ , «„) defined in the following way. Let Iq = {i; ai = 
0}. 



IfJ2''^J{K^flf7) = 0, take 



i=l 



Ui = 0, for i G Jo; 

for iih. 



Ui 



IfJ2'^^^J{K^fiJ!)>0, take 



i=l 



Ui = 
Ui 



for i G Jo; 
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• Let Di be a dense countable subset of L'^{Ir), and let 

3 ^ {s{K ^ g^) : g e Bi, s e U {u = q,q e Q} . 

D zs a countable subset ofG{Ir), andMn G N, \/{a,f) E 'D{n,r), G 
R, Ve > 0, 

Inf {Max, K:.{ui) : | ^ ^M, ff) - y\ < ^} 
need.)" . . 

= Inf{Max,ir;(M,) : -2/1 < e} ^ ^ 

Proof. 

Proof of (^). 

K;{Ki.f) = Supl(/i,ir*/2) - : fi e M(/,)} 

= Sup * f\ p)-^^iK^fx,fx): fiE MiQ } , 

by the change of variable n ^ + p dx. Thus K*{K -k p) = \{K -k p, p). 

Proof of ( ^) . First of all, note that ^aj('Uj, p) = y, so that 
Inf {Max, K;{u,) : E /f ) = 2/} 

< Max,K*{u,) = Max K;{ui) . 

If Y.Ol^^W^lhf!) = 0, then {K^p,p) = for any z ^ Jq. In this 

if y = 



situation, K*{1) > A .i. = +oo, for any i ^ Jq. Thus, 



Max K*{uij 



iPo ' I +00 ify^O 2{Y^a,^{K^pJf)y 

UZc^iViK^P,P)>0, then 

Max irrfc) = Max K^iK.ff) 



by 



2{E o.^^/{K^fhf?)) 
It remains now to show that 



2 

Inf {Maxir;(..,):5^a,(z.„/f)=y}>-— ^ ■ 



uee{ir) 
First, note that 



Inf {Max, K;{u-i) : ^ Z^) = 

nee(/r)" 

Inf Inf {Max,ir;(n,):Vz,(M„/2)=y,} 

yeR",Ea«i/>=i/ «ee(/,)" 
> Inf Max, Inf {K:{u,) : G 6(1,), (n„ p) = y,} 
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For {ui, fl 



Vi, K*{Ui) > 2(^^^^ - 2(K^JfJf)^ ^° ^^^^ 



Inf {Max, K:\u,) : ^ /') = y} 

nee(/r)" 



> Inf <^ Max, 



■ E = y 



Now, for ttiZ/i = 



|y| < Max 



Thus, 



Inf \MaxK:{ui) : y]a,(u„/f) = y| > 



uee{ir) 

This ends the proof of (pSl). 



(pOf) is a straightforward consequence of (|38|) , of the expression of the 
minimizing functions Ui, and of the continuity of / G L'^{Ir) ^ {K -k /^), 
and / e L2(/,.) ^ G e(/,). ■ 



Performing now in lemma |l^ the supremum over functions Ui G D, then 
over r G Q, we have thus shown that when K has compact support, i/-a.s., 
Vn G N, Ve > 0, My G M, 

liminf ;^logPo(|>r - 2/| < e) > . (40) 

1 — >oo _Z 

where 



(41) 



3n{y) = Inf{/„(«,/):(a,/)GD„(y)} 
'^n{y) ^ { (a , /) G D (n) ; M < E V(^ ^ , /f ) } • 

4.4 Identifying the rate function. 

Now, our aim is to characterize the limit n ^ oo in (^01). 

Lemma 14 . 

1. Mn G N, Vy G M, 

a(y) < Vi(2/) < Jn(y). (42) 

2. Vn G N, Va G [0,1], Vyi,y2 G 

J2n(ayi + (1 - tt)y2) < o3n{yi) + (1 - a)J„(y2) ■ (43) 
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3. If 31 denotes the Fenchel-Legendre transform ofdi, J^* = S- 

4- Let 3{y) = lim\ 3n{y), and 3{y) = Sup Inf ']{z) the greater l.s.c. 

n^oo £>0 z;\z—y\<e 

minorant of 3. Then 3 = 8- 

Proof of 1. From the large deviations upper bound, we have 8{y) < '^niy) 
for all n. 

For any {a, f) E Dn{y), P — (a, 0) and g = (/, /i) are such that g) E 
D„+i(?/), so that Jn+iiy) < In+i{f3,g) = /„(a, /). Taking the infimum over 
D„(y) yields J„+i(y) < J„(y). 

Proof of 2. In the same way, let a E [0, 1] and yi, y2 EM^he fixed. For any 
/) E T)niyi)^ and any (7, g) E I'n(l/2), A = (a/3, (1 - a)^) and h = (/, g) 
are such that (A, h) E 2)2n(ttyi + (1 a)l/2)- Thus, 

J2n(az/i + (1 - o:)y2) < hn{\ h) = aIni/3, /) + (!- a)4(7, g) . 
Taking the infimum over elements of !D„(?/i) and D„(?/2), leads to (|43|) . 

Proof of 3. Let us now compute the Legendre transform of Ji. Fist of all, 
note that 

Uy)= inf \h\f'\\l-Ay\<VW^Kn] ■ 

Therefore, 

dl{a) = sup {ay-diiy)} 

sup sup \ay - \ \\f'\\l : \y\ < ^2{K^f\f^)] 
sup {|a|v/2(ir^/2,/2)-i||/'||^j 
= A(a) 

Hence, T{(y) = K*{y) = 8{y). 

Proof of 4. Taking the limit in (^2]), we obtain that for all y G M, 2i{y) < 
< Since 3 is l.s.c, we also have S{y) < < < Since 

= 5) the preceding inequality implies that d{y\ = T*. Now, taking the 
limit in (|^), we see that 3 is convex, and so is 3. 3 being convex and l.s.c, 
3 = r* = 3. m 

Lemma 15 . Assume that K has compact support. Then, v-a.s., E M, 
limliminf ;^logPo W^t - y\ < e] > -8{y) ■ 

e— >0 T— »oo ± 
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Proof. Taking the limit n — >• (X) in yields that z/-a.s, Ve > 0, Vy G M, 
liminf i logPo [{Yt -y\<e]> . 

T — ^oo 1 

Let z be any point in e), and let 77 > be such that 'B{z, rf) C e) 

liminf — logPo [|^ — 1/| < e] > liminf — logPo [|^t — -^I < > "^(-2) • 
Taking the supremum in 2; G e), and letting e go to 0, leads to 



lim liminf- log Po [\Yt - y\ < e] > -3{y) = Siy) ■ 



4.5 The general case. 

We are now going to prove the lower bound in the general case, i.e. under 
assumption @ for the covariance K. To this end, we use the decomposition 
of V = vl + vl {cf section and equation (|10|))- Let Y = Yi + the 
corresponding decomposition of Y. Let e > and L sufficiently large so that 

27^^(0) < f . Then, 



Po [\Yt -y\<e]>Po [\Yl,t -y\< e/2] - Pq \Yl,t\ > e/2 



But, 



Pn 



TUT > T- \Yl,t\ > e/2 + Po [tj^t < T] 



Thus, Ve > 0, and L sufficiently large, z/-a.s.. 



lirn inf — log Po 



I^l.tI > e/2 



> —00. 



Therefore, by (^OD, Ve > 0, VL sufficiently large, z/.a.s, Vy G M, Vn G N 



liminf- log Po [|Ft - Z/| < e] > , 

1 — >00 _£ 



(44) 



where 3^{y) = Inf In{a, f) , 

2)^(2/) ={(«,/) e < . 

We are now going to prove that Vn and Vy, lim sup j;^^^^^ ^;^^^ Jn(?/) — 
and we can assume that Jn(z/) < C)0. Let > 0, and (a, /) G T^niy) be such 
that In{d, f) < 3n{y) + Tj. Since i^'i converges almost everywhere to K 
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when L — >• oo, Vi, {Kl -k , f^) {K-k ff,f^) by Lebesgue dominated 

L— >oo 

convergence theorem. Thus, for L sufficiently large, (a,/) G T)^{y), and 
"^niy) — In{ci, f) < "^niy) + V- Therefore, letting ffist L — * oo, then n oo 
in (H) , we obtain that z/-a.s., Ve > 0, G M, 

liminf;^logPo[|lT-2/| <e] > -^(y) . 

As usual, this in turn implies the same bound with J in place of 3. To conclude 
the proof of (0), note that the results of lemma |1^ are independent of the 
support of K, so that we have 3 = 3- 



4.6 Lower bound for X 



2,T 



As for the upper bound, the lower bound for Yr yields straightforwardly the 
same lower bound for X2 t, since 



X. 



2,T 



and limT^oo ^ log Po 



< e 



W2 



>Po[\YT-y\<e/2]-Po 
> e/2 



2,T 



> e/2 



-00. 



5 Properties of the rate function. 

The aim of this section is to prove proposition ^ linking the behavior of 
K at infinity, with the behavior of 8 near the origin. Note that since the 
functions normalizing S are convex and continuous, and since 3^* = S, to 
prove proposition ^ it is enough to prove the corresponding assertions for Ji. 
Using the isometry of L^: f ^ f\ = -\/A/(A-), note that 



My) = Inf _U\\f'\\l; JjK{^)p{x)p{z)dxdz>y-;-],^X>0 
= Inf lnf\>^\\f'\\l; ffK{^)f\x)Piz)dxdz>y4] 

feH^.\\f\\^=l A>0 1^ \ A / z J 



(45) 

Case hmsup|2,|^oQ < 00 for some f3 g]0, 1[. 

Since K is bounded, there exists a constant C such that K{x) < C\x\^^. It 

follows then from fESf) that 



Uy)> ,Inf , Inf {^\\ft:CXf'{I,{n,f)>y^\ 
where Ip is the Riesz operator defined by If3{f){x) = ix-]^ ^V- 



m \x-y\l^ 
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Taking the infimum in A leads to 

^>CInf I \\l^L^:feH\R),\\f\\, = l\ . (46) 

Now, for p Ip is continuous from Lp(K) to L''(]R), for 1/r = 

1/p — (1 — /3) (see for instance theorem 1 pp 119 in [l^])- Therefore, for any 
/ G H^{R) such that ||/||2 = 1, and for any p g]1, 

{W%P) <\\PV\MP)l where ^ + i = l, 
<C^II/'ll.'ll/'llp by continuity of J^, 
<C^II/II^'~^^'"'^ since //2 = 1. 

Note that by Sobolev embedding theorem, any function / G H^{R) belongs 
to L°°(R), and ||/||^ < C \\f\\l^^ \\f'\\l^'^ for some constant C g]0, oo[. Thus, 
for any / G H\R) such that H/Hg = 1, 

{W)J')<c\\ft- 

Therefore, the infimum in (|46|) is strictly positive, and it is clearly finite. 
Let us now turn to the converse inequality, and let us assume that K >0 

2 

and / = liminf|3;|_^oo -^(a^)|a^|^ > 0. The change of variable A = 'j\y\'^ in (^51) 
leads to 

^ = , Inf Inf 11/11^ : ^ // K{^)f{x)nz)dxdz > 1 

Let / G H\R), II/II2 = 1, and 7 > be such that h^{Ii3{P),P) > \. By 
Fatou lemma, 

/7'^(/^(/2),f ) <liminf^ \ \k ) f{x)f{z)dxdz, 

and thus, for any (/,7) with ||/||2 = 1, and l^i^ {I p{p) , p) > |, 



My) / f 

2 



limsup ^ < — ||/'||2 

\y\^0 \y\l3 



Therefore, 



limsup :^<Clnfl ''^ , : / G H\R), \\f\\, = 1 j>< 00 . 



*0 \y\7 I iUi f^). f^)? ^ 



Note that using Lebesgue dominated convergence theorem in place of 
Fatou lemma, the same result holds, as soon as lim|3;|^oo -^(3;)|a;|^ > 0. This 
concludes the proof of point 1. of proposition 0. 
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Case limsup|2,|_^oo [/^(x)!!^!^ < oo for some /5 > 1, / K{x)dx ^ 0. 
In this situation, 

K e L\R) , andy5 e]0,P J K^{x)\x\^+^^ dx < oo . (47) 
Therefore, by dominated convergence, 

1 T^/-^ ~ y\ n2/ \ c2i \ if j^i ^I|4 




yK{^)n^)i\y) K{x)dx j ll/li: , (48) 

Note that this implies that K = J K{x) dx > 0, and thus K > 0. 

Moreover, we know from standard results in functional analysis (see for 
instance W^) that 



Lemma 16 If f e H^iM.), then Vp G [2, +oo], / G Lp{R), and 



1 1 

2 ' 

2 



where C is a constant depending only on p. Moreover, \/6 g]0, 1[, there exists 
a constant C such that 



Thus, for all / G H\R), \\f\\^ = 1, V5 g]0, l[n]0, /3 - 1[, VA > 0, 

I fflK (^) f{x)f{y) dx dy - (/ K{x) dx) f f\x) dx\ 

< J dxp{x) J dz\K{z) \ \p{x + Xz)-p{x)\ 

< 2 ll/IL / dz\K{z)\ J dxp{x) \f{x + \z) - f{x)\ 

< 2 ll/IL 11/115/ |i^(^)|||/(- + A^)-/(-)IU^ 

< 2A^ ll/IL II/II4 (/ K\z)\zr^' dzf J "^^•~^^!~/^"^"^ dz^ 

<CA^||/'||2(1+||/'||2) by lemma 16 . 

(49) 

Now, the change of variable A = in (^5]) gives 

^ = , Inf „ Inf ml ■■ II K{^)f{x)f{z)dxdz > 1 

y^ /6//i(K),ll/ll2=i7>o 12 y^ JJ 7?/^ 2 

Let us fix (/,7) G //^(M) x]0, cx)[ such that ||/||2 = 1, and 7i^||/||4 > 1/2. 
dH) imphes that 

hmsup-— < — 11/ II2 . 

y^O y 2 

Taking the infimum in 7 first, then in /, we obtain 

lim sup ^"x^ < 
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where I = Inf |^ : / G H\R), \\f\\^ = l| g]0,+oo[, by lemma 0. 

For the opposite direction, we begin by rewriting the first equahty in (^51) 
with A = y"^: 



My) 



Inf 



/ei/i(R)>ll/2ll=i 12 



1,,./, 



,x — z 



o Il/'ll2 --J K{:—f)nx)f\z) dxdz>- 



Let ?7 > and for each y, let fy satisfying the above constraints and \ \\fy\\2 — 
^^^^+1]. Since limsup ^ < oo, we also have limsup ||/^|L < oo. Moreover, 



by 



y^o y^ 



y\\2 



K\\f, 




Ki^)f(x)f(z)dxdz 



<^i^i''ii/;ii2(i+ii/;i 



so that lim 

y-^o 




X — z. 



K\\fy\\:--J I K{—^)f^{x)f^{z)dxdz 



2 /Jyy-^/Jy^ 



0. Thus, 



liminfi?||/,||J>i. 

y^O Z 

Now, by definition of /, \\fy\\\ > I\\fy\\l- Thus, liminfj^^o i H/yllg > sk^- 
This ends the proof of point 4. of proposition |l|. 
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